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1. Statement of the problem

The Lagally theorem for unsteady flow expresses the forces and moments acting
on a rigid body moving in an inviscid and incompressible fluid in terms of the singu-
larities of the analytically continued flow within the body. Previous generalizations
of the Lagally theorem, originally given by Lagally (1922) for steady flows, are due to
Cummins (1957) and Landweber & Yih (1956), who consider the effect of flow un-
steadiness on the forces and moments. In these, the system of image singularities
within the body was assumed to consist of isolated or continuous (surface or volume)
distributions of sources and doublets. A further extension of Lagally’s theorem is due
to Landweber (1967), who derived expressions for the steady forces and moments
acting on a rigid body generated by isolated or a continuous distribution of multipoles.
The purpose of the present paper is to generalize the Lagally theorem so as to include
the effects of multipoles in unsteady flow, and deformability of the body, as well as
to present a briefer derivation of the resulting formulae. Two examples, illustrating
the application of the force and moment formulae, will be presented.

We shall employ a rectangular Cartesian co-ordinate system z; (1 = 1, 2, 3), or
alternatively z, y, 2, attached to the body, and denote the position vector of the point
(%1, %4, 3) by r. The components of the velocity vector V of the origin of co-ordinates
will be denoted by (V,, ¥;, V;) and the components of the angular velocity of the body
w by (w;, ©,, wg). The surface of the deformable body will be denoted by & and the
volume by ¥”, where both & and ¥” are, in general, time-dependent. The instantaneous
direction of the outward normal to & will be indicated by the unit normal vector n,
with components n; = oz;/on. Here n denotes distance measured from . along the
normal, positive outward.

We shall assume that the fluid is inviscid and incompressible, the flow irrotational,
and express the velocity potential as

3
= '§1 (Vidi+w;bip3)+ Do+ 80, v=V0, (1)

where v denotes the velocity at a point of the fluid, the unit potentials ¢, and ¢;,5
represent flows induced by the motion of the undeformed body when all boundaries
and external flow-producing mechanisms are at rest, ¢, is due to the presence and
motion of the latter when the undeformed body is at rest, and ¢, is the additional
potential which is associated with the deformation of the body. The kinematic
boundary condition at a point of & can then be expressed in the alternative forms

v.n=(V+wxr+Vd).n (2)
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34 L. Landweber and T. Miloh

or

3¢i=n %:%’:(rxn)i, %—i—“=0, %%?:Vd.n, (3)

"0
where V; is the velocity of the deforming surface relative to the co-ordinate system
x, which is attached to the body. If we denote the equation of the body surface by
J(r,t) = 0, where t denotes time, we may derive the following expression for the
deformation velocity V,:

~-19f
V=2 4
Vo= vyl “
Relative to the moving co-ordinate system, the Bernoulli equation yields the
pressure p in the form (Lamb 1932, p. 20)
P o0
Lo v, . . 5
P 5 W.viv.Viv.wxr, (5)
where p is the mass density of the fluid. The time variable relative to the moving
co-ordinate system ¢’ is related to the ‘absolute’ time variable ¢ relative to a fixed
co-ordinate system so that, for any differentiable vector Q(r,¢),

dQ dQ
T =gt7+w><0- (6)

The force F and moment M acting on the body will be determined from the basic
formulae

= —fypnd% M= —fypr xnd<, (7)

where the pressure is given by (5). We shall show that both F and M are expressible
in terms of the system of singularities within the body associated with the external
flow and the motion of the body surface. The internal low will also be assumed to be
irrotational and the internal singularities will at first be assumed to be isolated
multipoles of order ¢ = a + £ + y and strength P,,, situated at a point r,, with potential

1 i
¢kq=—quD3(7i,): D§=W, R = (x—2, )2+ (y—ys)*+(2—2)% (8)

where k= d, 0, 1, 2, 3, 4, 5, 6 indicates that the singularity is associated with ¢,
Pos Pi» OT P15 (¢ = 1,2, 3) respectively. These include the source and doublet potentials
as those of multipoles of order 0 and 1, respectively. In the neighbourhood of a multi-
pole we shall require the definitions

¢k = ¢l’c+ ¢kq) vk = vl’c+ qu, (9)

where both ¢ and v;, are regular at the location of the multipole.
" We shall derive the following expressions for the Lagally force

d

d
F= 7 [VO'V-47T RE P¢,D‘s’(r)s+% (rcV)] —477%]PQD§(V’)S (10)

1
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Unsteady Lagally theorem for multipoles 35

and for the Lagally moment about the origin

1 d d . p
-M; = [rc X=(V¥)| —5 w; Agyj a4+ 41 X[ Payjg D} (V.r—d)s
p dt j at s

+ Py Diiu)d + [ #s:sVand | — 4 SR DX (v = V),
+ [Vx%(rcV]j. (11)

Here V, is the velocity of the centroid of the volume ¥” of the body and r, its position

vector, V,; denotes the velocity of a point of the deformable surface  where V; = 0

corresponds to the case of a rigid surface; 3 indicates that the summation extends
8

over all singularities and (), that the quantity in parentheses is evaluated at the
point (x,, ¥,, 2,). The multipole strength is denoted by F,, with the index & omitted when
it is associated with the total velocity v; subscript j in (11) denotes the jth component

of a vector;
4;= —fy ¢i(3¢j/an) d¥ = Aji

are the instantaneous added-mass coeflicients of the body; ¢, ¢’ indicate that, in
general, multipoles of various orders are present.

2. Some transformations

Two basic transformations occur repeatedly in the derivation of the generalized
Lagally theorem. These involve a pair of vectors u and v, both regular and solenoidal,
and v also irrotational within ¥, except at a finite number of points at which multi-
poles are present. Then we have the first transformation

f (v.un—vu.n)d.?=f (VU).Vd“//—B—"E By Di(V')s (12)
1 v 3%

where P, is the strength of a multipole of order ¢ associated with u.

To prove {12) we apply the Gauss transformation to the volume ¥, bounded
externally by &% and internally by surfaces %, bounding small regions about the
singularities of v and u, taking the positive sense of n on & into the region ¥”. Then
we have

f (v.un—vu.n)d¥ = Y (vxn)xud.S’i,+f (Vu).vdy™ (13)
& v’

8 .70
since v.un—vu.n = (vxn) x uand bothV x vand V.u vanishin #”'. Now put

(vxn)xu = [(V'+Vvy)xn]x @ +u,) = (v xn)xu' + (v xn) xu,+ (v, xn) xu.

(14)
Since both u’ and v’ are regular in the region bounded by %, we have
lim (V'xn)xu'dS = 0. (15)
.9’o—>0 .9’0
The second term in the right-hand side of (14) yields
(V' xn) x u dF, = Pqugf (v' xn) x (R/RY) d5, (16)
yo -9’0

2-2



36 L. Landweber and T. Miloh

where R is the position vector of a point on % relative to (z,, ¥,, 2,) and
= B, DYR/R3).

At this stage we may select & to be a sphere of radius R, and volume ¥ about the
singularity (z,, ¥,, 2,) as centre. Here R/R, = n and we obtain

fy (V' xn)x Il; ds, = Ff (vV'.nn—-v')dS%,. (17)
0
Since V.v’ = 0 in ¥}, we also have

R}’gf v'.nnd, = R"f v'.VRdY, = R‘sf vare-2 ), ()
Hence, as By— 0, (17) becomes

(V' xn) x Rdy’ Vst [ Vi @m—am) (v —-—§-—(v
% Xxn Rs -—R'éf A\ 0—-1-?;2)." -> v )8
and
, 8 ,
. (V' xn)xu,dS = -——3-PWD3(V )a- (19)
[}

Finally, the integral of the last term in (14) vanishes because

nxn

f-?o (Vg xn)xudSy = Py DY % R

xud¥, = 0. (20)

The transformation (12) is then obtained from the results given in (13), (14), (15),
(19) and (20) when the right-hand side of (19) issummed over all singularities of u within
the volume ¥”, and we take the limit as B,— 0.

We shall require three special cases of (12). When u = v, we have from (12)

f(v.vn—vv.n)dS:f vv.vay -2 5 P Dy(v),, 21)
g ¥ 3 8

where, from now on, we write P, for P,,. In addition, we may write

fvvnd.S’ }_‘, v.vnd.?+2j Vv.vd"//"—>2f Vv.vdy”
%o v ¥
8m ,
+5 ZBDYV), (22
since, by (18),
v'.nn
f v.vndY, = V.V +2v. v, +v,.v,)ndS = 2F, D? - WA
Fo o Za 0

n 8 ,
HEDI || BT RDIY),. ()

Hence, eliminating the volume integral between (21) and (22), we obtain the first
special transformation

f (#v.vn—~vv.n)d¥ = ~dmr 3, F, DY(V'),. (24)
L4 ]
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Secondly, when u = V, a constant vector, the volume integral in (12) vanishes and,
since for the present case F,, =0, we obtain from (12)
f (v.Vn—-vV.n)d¥ = 0. (25)
E
Thirdly, we set U =wx r and express v as v=V®, with ® = &'+ d,, and @’
regular within &,. Then we have F,, = 0,

n

, Rodsq, =0 (26)

f dndS = o,nd, =—-F,D}
yo -‘70
and therefore, since also Viw x r).v = —wx v,

f V(wxr).vd‘//'=—wxf V(Dd‘//':—wx[f Onds -3 (Dnd.%]
¥ ¥ %

8 yo

=—w xf dnds. (27)
14
Hence (12) becomes

f (v.mxrn—vwxr.n)d9’=-wxf Onds. 28)
& &
The second transformation is the following:

f rx[v.un—vu.n]d.S"=f [rxVu.v+qu]d‘//—§37—TE E,DirxvVv'), (29)
& v

8

which may be proved by applying the Gauss transformation to the volume ¥, the
hypothesis Vx v = V.v = V.u = 0, the identities

vxV.r=0, vxVr.u=vxu, (30)
and, by (19),

m

f rx[(v'xn)xuq]d.%»(r)sxf (v’xn)xuqd.S‘:,—>—§3—R,qu(rxv’)s. (31)
o o

Again, we may derive some special forms of the transformation (29). When u = v,
we have

fyrx [v.vn—vv.n]d¥ = L/rx (Vv).vdV—%TIR,qu(rxv’),, (32)

but
1 v.vrxnd.5"=-1 v.vexndS+| rx(Vv).vdy”, (33)
2 & 2 yo ¥
and, by (23),
f v.vrxnd%»(r)sxf v.vnd.S‘i,»%"Pqu(rxv’)s. (34)
o o

Hence, eliminating the volume integral between (32) and (33), we obtain

f rx[}v.va-vv.n]ld¥ = —4n X F, Di(rx V'), (35)
& 8
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Secondly, when u = V, a constant vector, (29) yields
f rx[v.Vn—vv.n]d.V:-vxf Onds (36)
& &
since, by (9) and (26),

j vx Vdy" = -—Vx.f V(Dd"V'——Vx[.f dndy — 2‘, d)nd.%]

o
->—ij dnds. (87)
&
Thirdly, letting u =w x r, we obtain from (29)

.f rx[v.wxrn—-vwxr.n]d.?:—wx.f Prxnds, (38)
& &

which is derived by applying (30), the vector identity

rx(vxu)+vx(uxry+ux(rxv)=0, (39)
and the relation

f rxvd‘V':f drxnds — Zf d)rxndy—>f Prxnds. (40)
L8 £ 4 8 Fo £ 4

Of the above transformations, the three special forms (24), (25) and (28) will be used
in the derivation of the force expression. Similarly, (35), (36), and (38) will be used
for the moment.

3. Derivation of expression for the Lagally force
The hydrodynamic force acting on the body is given by (5) and (7) as

F=pf aat,nd.?+pf [}v.v-v.V-v.wxr]nd?. (41)

Let us denote the first and second integrals in the right-hand side of (41) by F, and
F,, respectively. For a deformable surface, we may write

1 a0 d
;Fl=J‘y‘a—t,nd5f=ijd)nd.5f——fyvvd.nd.?, (42)

and by applying Green’s reciprocal theorem and the relation (6) between absolute
and relative time derivatives, we can rewrite the above equation as

1 d
—-.f de.ndV—wx.f Onds. (43)
% %
For the first integral in the right-hand side of (43) we obtain, using (2),
f r@d.sxef ri(¢—¢d)dy+f r?i‘iidy f r(V.n+4w.rxn)ds
g on g on
+f rv;.nd%.
7
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Furthermore, by applying the Gauss transformation, we obtain

frg—q)dy=VcV+f tV,.nds, (44)
4 n k4

where V, is the velocity of the volume centroid.
For the second integral in the right-hand side of (43), we write

fy (CDn r— )d.? f (v’ +v,).nd%,—~—4nF, DY(r), (45)
() o

because of (26). We also note that D¥(r), vanishes for ¢ > 2. Substituting (44) and (45)
into (43), we now obtain

Ip -4 [v,;/f-zmzp Dir),+ [ 1V,.nds
p dt 8 e g

—f de.nd.V—-mxf dnds. (46)
¥ ¥

Next applying the transformations (24), (25) and (28), together with the boundary
condition (2), we obtain the following for F,:

/—:;F2=f de.nd.V+mxf OndS —4n Y, B, DYV'),. (47)
¥ ¥ 8
We also note that, by the Reynolds transport theorem,
f 1V, 0d% = & (r, 7). (48)
& dt

Hence the final expression for F, obtained from (47) and (48), is

-—F = E[V v - 47TZP Di(r), %(rcV)]—MrZPqu(v')s (49)

8

as was stated in (10). For the case of a rigid surface, V;.n = 0, and for multipoles of
order 0 and 1 (g < 1), (49) reduces to the corresponding expression given in Landweber
& Yih (1956). The above expression is useful when the normal velocity V;.n of the
deformable surface is prescribed. For the case where the deformation velocity is
associated with a potential @;, an alternative form of (49), obtained by modifying
(42), is
_4d
dt

%F [VV 47rZPD“(r)s f d)dnd.?] ~4r S F, DY), (50)

where the symbol 2 denotes summation over all singularities except those associated
8

with the deformation potential ¢,.

In applying the formula for the force, (49) or (50), the contributions to (v'), from
singularities at other points within the volume ¥" may be neglected since, as is shown
in the other referenced treatments of the Lagally theorem, such terms cancel when
summed over all the internal singularities.
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4. Derivation of expression for the Lagally moment
The hydrodynamical moment is given by (5) and (7) as

M=p ®rxnd5’+pf [3v.v—v.V—-v.wxr](rxn)ds¥. (51)

0
w ot
We denote the first integral on the right-hand side of (51) by M, and, using (6), we
express it as

1M1‘"f ad,)rxndy—if (Drxndy—wxf drxnds

+f vxrV;.nd?. (52)
<

Furthermore, by (1) and Green’s reciprocal formula, applied to the region exterior
to & for ¢;, ¢5,, and @;, and to the interior region for @,, we obtain

3
fy’ O(rxn);d¥ = % P (Vi $i+ ;¢34 + o+ ¢a) 8¢3+1 ¥

1=1

=2 [, (iGiro B gyaz i 3| (¢oa¢3+’—¢a+, ) as;. @

Put @y = ¢g+ Pog and ¢y, ; = ¢35, ;+ bg,; o in the last integral. Then we have, by the

reciprocal formula,
4% A%
fyo (¢0q ;,;j L ¢3+1 a oq) d5’ = 0.

We also have

4 % ’ ’ 0 ’ Py
f Pass —-gn"“ 4> 4m Py, DY b5 )es f Po ——¢;+“ dSFy->4nPy,; ¢ DY (),
Zo Lo n

ox; ox; o
nyz‘% Dy,,dF = fyvixi(r xn);dSL + % % (51‘; Pori— % 3::]) V.44,

8

> (X V), ¥ —47 3 Py, o DY(V.1),. (54)
Then, introducing the added-mass coefficients in (53), we obtain
fy O(rxn);dS = (r,x V), ¥ —w; 43, 3 ;— 47 ‘? [Py, D¥(V.r =),
+By DY)+ boisVamds. (55)

Next, applying the transformations (35), (36) and (38) to the second term on the right-
hand side of (52) gives, after making use of the boundary condition (2),

—1~M2=f [;v.v—v.v—v.wxrj(rxn)dy=fo onds
r & &

+wxf tDrxndS’+f rxvV,.nd¥ —4n 3 F,Dir x V'), (56)
h4 7 ]
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However, as shown in (44) and (45),
fyd)ndy= Vc“//—4ﬂ213(,D§(r)s+f rV;.nd<#. (67)
] &

Hence, from (52) to (57), and (48),

d

%M,. = [rcx— (VV)] d

7 1_%{(‘)1A3+J',3+i+4ﬂ§ [P31s,0 DUV . T — o),

+ Py DY5 )]+ f o Va 'nd‘sp} — 473 P, DA[r x (v = V)],

+ [v x % (r, “//)]j (58)

as we wished to show.
An alternative expression for the moment, when the deformation velocity is

associated with a potential ¢, is

Im, = [rc x4 (VV)]

d ' ’
p dt _a{wiA3+j,3+i“Ad,3+j+4”§ [P3+1,q'Dg (V'r"¢o)s

)
@)

+ Pog D), 1} — 47 5 P, DA x (V' = V)]jy— 47 5 Py , DI(E X V),
8 8

—euVeday, (59)

where ¢, is the permutation tensor and 4;; and A4, ;,; are added masses associated
with the interference between the translatory and the rotational motion of the body
and the motion induced by its deformation, i.e.

Ay = "fy Gan;dF, Agsyy= _fy, Pa(r x n);dF. (60)

For the case of a rigid body where the highest degree of the multipoles is 1, i.e.
g = 0,1, the singularity distribution consists of sources and doublets and the
expression for the moment given in (58) reduces to the equivalent expression given in
Landweber & Yih (1956). For a rigid body in steady flow represented by multipoles
of arbitrary order, (10) and (11) are identical with the corresponding equations given
in Landweber (1967). For the case of a deformable surface moving in an unbounded
fluid, the generalized Lagally expressions reduce to the form given in Averbukh
(1973) in terms of added-mass coefficients. Equations (10) and (11) are more general
in the sense that they apply to a general unsteady motion of deformable or permeable
bodies which are represented by multipoles of arbitrary order.

So far the analysis has been carried out for a discrete distribution of multipoles.
When continuous distributions of multipoles exist within the volume ¥~, the expres-
sions (10) and (11) for F and M need to be modified only by replacing the sums over the
multipole terms by integrals over their distributions. This will be illustrated in the
examples that follow.
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5. Manoeuvring of a deformable ellipsoid

In this section we consider the forces and moments acting on a deformable tri-axial
ellipsoid moving unsteadily in an otherwise undisturbed medium, in a motion having
six degrees of freedom. The instantaneous equation of the ellipsoidal surface is

x3/a}+a}/al +a3/af = 1, (61)

where the time-dependent major axes are arranged such that a; > a, > a,. It is
assumed that, during its course of deformation, the ellipsoid remains similar to itself,
that is to say

1 da, .

aa?:/\(t), i=1,2,3. (62)
The general motion of the ellipsoid consists of a translatory velocity vector V(13, V3, V)
and angular velocity w(w,, w,, ;) about the major axes of the ellipsoid. The six
velocity components are assumed to be time dependent.

In solving potential flow problems involving ellipsoidal boundaries, it is convenient
to employ orthogonal ellipsoidal co-ordinates (7, #,») in the manner defined by Hobson
(1955, p. 454). A normal solution of the Laplace equation in ellipsoidal co-ordinates
(ellipsoidal harmonic) which vanishes at infinity may be written as F () &i(x) £5(v),
where &} and #} are the Lamé functions of the first and second kind respectively.
Also ¢ and j are integers such that ¢ < 25+ 1.

The three Kirchhoff potentials associated with the translatory motion of the
ellipsoid are given by Miloh (1973) as

$i(n, 1, v) = KOif|ad,, — ad,,| I Filn) &) 6100, (63)
where a,; , = a,,
K = [(a}-a}) (a3 —af) (o} —ad)]H, (64)
and, in general,
i _ [2 e d 2
o3 = [geim] /|5 Fm] - (©5)

Similarly, the three Kirchhoff potentials associated with the rotational motion of the
ellipsoid are given by Miloh (1973) as

Boril, o) = KOy U=l goi) oniiy) ga-1(0). (66)

2 2
i1+ a5.g

The potential function associated with the deformation of the ellipsoid may be

expressed as
¢d(77nu, V) = B‘Zj(ﬂ) 6’0(/”) go(v), (67)

where B is a coefficient to be determined from condition (62). The normal velocity on
the surface of the ellipsoid induced by the deformation potential ¢, is

2 22 42—}
V;.n = B [x—‘+x2+ﬂ‘] , (68)

4T 4 4
a;0:a03 |0y Q3 a3

which together with (62) implies that B = Aa, a,a,.
The ultimate image singularity system of the six Kirchhoff potentials and the de-
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formation potential within the ellipsoid (Miloh 1974) consists of a distribution of
sources of strength

3 a3 )—i

1
M(xp Zg, 0) = _ET (ai“ag)_i (a'g“a'g)_i (1 —a%_ag_ag_ag

3Cihz,  3Ciha, 508 wy(a] —af) x, 2,
ai—af = af—af ' (a}—af)(at+af)(@f—af)

and normal doublets (Miloh 1974)

—Aa,a, aa] (69)

N 0_122—§z -4 (1 at zg \}
(xl,xa, )—“%(al_as) (az'_a3) _a%_ag—ag_ag
5C3w,z, 5Ciw,z,
— 70
[ gip -S| oo
over the ‘fundamental ellipse’ given by
2 2
A2, =0 (71)

a?—a} ai—a}
Since the image singularities system consists of only sources and normal doublets
distributed continuously over part of the z, = 0 plane, the hydrodynamic force [see
(10)] is given by

1 d or =
;F=%[vcyf-:;nf;(Mr+N5;3)d.9’+Lrv,,.nd5ﬂ], (72)

where & denotes the ellipse given in (71) and & the ellipsoid in (61). Substituting
(68), (69), and (70) into (72) yields
g = Ly anvioh (13)

since the integral over & in (72) vanishes because of symmetry. Since the three
longitudinal added-mass coefficients 4, are related to the three coefficients C§ by the
relations (Miloh 1973)

Ay = — (¥ +4nCy), (74)
(75) then reduces to
1 d
;Fi = _E(An 1) (75)

By transforming the absolute time derivative in (75) into a time derivative relative
to the moving co-ordinate system (6), we get
1 av; 04,
;F‘i = A”’dt +e,dkAJjIjﬂ)k AV 2 ] aaj
For the case of a non-deformable (rigid) body, we have A = 0 and (76) reduces to
the well-known expression given in Kochin, Kibel & Roze (1965, p. 401). For the case
of a spherical body in the same motion we have 4,;, = ¥ and (76) yields

(76)

F -y (‘” +3AV,— e,klgwk). (77)

Next we calculate the hydrodynamic moment experienced by the ellipsoid. For
the present case, there are no external boundaries or flow-producing mechanisms.
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Therefore both ¢, and v, vanish. Since the origin of the co-ordinate system coincides
with the volume centroid, we have also r, = 0. Equation (11) then yields

i d : >
M= —Z o A 3+,+47rf_[M3+iV.r+N3+i5;:—3(V.r)] dy’+fy¢3+1. V,.nds|

+47rf [M(rxV) N o (r><V)]di+fy...+fy(Vxr),Vd.nd.SP, (78)

where M, ; and N, , are, respectively, the source and doublet distributions associated
with ¢, ;. Because of the symmetrical properties of the ellipsoid, the integrals over &
in (78) vanish and the above expression may be further reduced to

M= L dys )+ on [ [MEx VN L @xfaz a9

In a similar manner to (76), we obtain the following expression for the hydro-

dynamic moment acting on the ellipsoid:
dw 0434434
P M = —dayia44 ar F e (V) Ve Ay + 0504 Ay g 5051~ Aoy Z A e (80)

2
Again the above expression reduces to that for a rigid surface (Kochin et al. 1965,
p. 401)and, as expected, vanishes for a spherical surface. The six added-mass coefficients
of the ellipsoid are geometrical parameters and may be expressed in terms of tabulated
elliptic integrals (Munk 1934, p. 301; Miloh 1973).

6. Force on an expanding sphere in axisymmetric flow

As a second example, the force on a translating sphere with a time-dependent
radius will be presented. The undisturbed flow field is assumed to be symmetric with
respect to the x axis along which the sphere is translating with velocity V. The
undisturbed velocity potential (without the sphere) is expressed in terms of interior

spherical harmonics as io] A, R"P, (1), where (R, ) are axisymmetrical spherical co-
n=1

ordinates, x4 = cos@, P,(u) denotes the Legendre polynomials and A4, are given

time-dependent coefficients. For convenience, the value of the undisturbed potential

at the origin is taken to be zero. After introducing the sphere into the flow field, the

velocity potential may be written as
P(R, p) = z B, R~V P, (u) + ElAanPn(/l’)' (81)
n= n=

At a certain instant, let the sphere radius be a and let this spherical surface expand
with velocity d (in the radial direction). For these boundary conditions, (81) yields

n

B"=n+1

a*+t14,, nz1,

and B, = —da®. (82)
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Following Hobson (1955, p. 133) we have

@ — 1 n an 1

which implies that the image of the exterior disturbance potential is given by an
infinite series of multipoles in the x direction, lying at the origin. The strength of the
nth-order multipole is given by

n

i
P,=-—B, (84)

The sphere will experience a force in the x direction which may be computed from
the generalized Lagally expressiOn (10) to yield

on an+

/-I,Fl— [V‘V+4 Z B o )]+47r T — B, n+1[ 3 4, RmP, ,,,(p,)], (85)

which is to be evaluated at B = 0. Making use of the relation

0, m<n
oM™
P [R"' )] = Pm(O)W = {n!, m=mn;, R=0, (86)
0, m>n
we get
1 v _d
SFi= [‘I/E-+ le/+4 d£1]+47r Y (n+1)B, A,, (87)
or, applying (82), )
1 dV 3dd,
R Gy 5T+ 14) 43 B nattd A, (88)

For the case where the sphere is translating in an unbounded medium otherwise at
rest, we have A, = —V and 4, = 0 for » % 1, and (88) is reduced to the previously
derived expression (77) for the force acting on a deformable, non-rotating sphere. In
a similar manner we obtain that the force on a stationary, deformable sphere in a

uniform flow U(t) is given by
L po (dU 3U (89
pY "t 2\ dt )

A rather interesting result may be easily derived from (89). A stationary sphere in a
uniform unsteady stream will experience no force when the stream velocity and the
sphere radius vary with time such that the product Ua?® is constant. Similarly, when
the sphere is moving with velocity V in an otherwise stationary medium, the hydro-
dynamic force experienced by the sphere also vanishes when Va?® is constant.

This work was supported by the Office of Naval Research, under Contract N00014-
76-C-00012.
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